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Abstract--The frequencies and damping coefficients of a vibrating human tibia are studied in this paper, 
by modelling the tibia as a truncated conical structure. The experimentally observed principal mechanical 
properties of osseous tissues, viz. anisotropy, nonhomogeneity and material damping have been duly 
accounted for in the analysis. The applicability of the model has been illustrated through numerical 
computation of the derived analytical expressions. The computed values are presented in tabular form. 
1. INTRODUCTION 
The importance of studies of the vibration and wave propagation problems of various specimens 
of bone in different parts of the human skeleton is many-fold. On the one hand, such studies have 
the potential to provide excellent means of ascertaining the material characteristics of osseous 
tissues by way of correlating the results predicted on the basis of analytical studies with those 
observed through experimental investigations; on the other hand, these studies have the ability to 
explore a variety of facts regarding the various mechanical nd electrical properties of bone. They 
are also useful in determining the site of fracture. Moreover, they provide various informations 
about the pathological state of bone. The theoretical predictions also help the orthopaedists in the 
detection and treatment of different types of disorders of various components of the skeletal system 
which serves as the rigid frame-work of the human body. On the basis of their geometrical 
configuration different bones of the skeletal system can be classified into five categories, viz. long 
bones, short bones, seasamoid bones, flat bones and irregular bones. 
Different problems related to the vibration and wave propagation in osseous media, with 
particular eference to long bones have been treated in the past by considering mathematical s 
well as experimental models. Smith [1], Mather [2, 3], Allen et al. [4], Minns et al. [5], Lovejoy et 
al. [6], Miller and Piotrowski [7], Martin and Atkinson[8], Miller and Purkey [9], Barton [10] are 
some of the many investigators who described the geometric distributions of bones for use in 
structural analyses, evaluation of internal fixation devices, and for understanding the expected 
variations in geometric properties due to sex, age or body-type differences. Quite a few 
investigations have been carried out to examine the effects of changes in modelling approaches on 
the natural frequencies of long bones. Jurist and Dymond [11], Campbell and Jurist [12] as well 
as Lewis [13] explained the use of impedance techniques in fracture healing and commented upon 
its dependence on the natural frequency variations of long bones. Three types of variations in 
boundary conditions for a homogeneous, i otropic, cylindrical tube model were studied by Jurist 
and Kianian [14]. A rigid body mode was added to the model and the mass of the bone marrow 
was included in a later investigation of Spiegl and Jurist [15]. 
Sonstegard and Mathews [16] devised a noninvasive method which consisted of monitoring the 
stress wave disturbances across a fracture site. 
Several investigators [17-19] suggested the use of bone vibration techniques for the diagnosis of 
bone disease. Craven et al. [20] and Greenfield et al. [21] developed a technique for measuring the 
natural frequencies of different bone specimens and illustrated the use of their technique for the 
treatment of osteoporosis and some other bone diseases. 
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The effects of various modelling parameters on the static analysis of a human tibia were reported 
by Piziali et al. [22]. As a follow up of the same study, a beam type finite element computer model 
was used by Hight et al. [23] to predict he natural frequency response of a human tibia with varying 
geometries, mass formulations and boundary conditions. It was shown that the boundary 
conditions chosen to model a particular tibia in given circumstances can have a very high influence 
on the prediction of the natural frequencies. Results of the experimental strain gauge and 
theoretical stress analysis methods were used by Huiskes [24] to investigate the mechanical 
behaviour of a human long bone specimen as a structural element under loading. A similar 
technique was used by Finlay et al. [25] for the in vitro study of the principal strains in the tibia. 
Natural frequencies, mode shapes and damping ratios of human tibias were determined experi- 
mentally (by model analysis) by Vander Perre et al. [26] for fresh as well as dry excised tibiae, in 
vivo tibiae and tibiae in a amputed leg, in different shapes of dissection. They also reported their 
observations on in vitro measurements of transversal vibrations, which are much easier to measure 
than longitudinal vibrations. Figgie et al. [27] carried out a series of experiments with canine 
femoral and tibial bone complexes which were subjected to tensile tests. They arrived at the 
conclusion that differences both in measured mechanical properties and observed failure details 
were a consequence of varying the loading pattern of the fibre bundles across the finite breadth 
of the ligament. Another experiment was conducted by Moyle and Gavens [28] to study the fracture 
characterists of bovine tibial bones. The electromechanical w ve propagation i long bones was 
investigated by Saha and Gfizelsu [29]. A closed form analytical solution to the problem of torsional 
wave propagation i tubular bones was put forward by Misra and Samanta [30]; they also derived 
expressions for the induced electric and magnetic fields. The dispersion of axisymmetric a oustic 
waves propagating in long bones was also investigated by the same authors [31] with due attention 
to the energy dissipation of osseous tissues. 
For simplifying the mathematical approach, in many of the previous theoretical investigations, 
long bones (e.g. femur, tibia etc.) have usually been modelled as infinitely long circular cylindrical 
shells of a uniform cross-section. But in reality, femoral and tibial bones of the human skeleton 
system are of finite lengths; moreover, they are of nonuniform and noncircular cross-sections. In 
a recent study, Collier et al. [32] considered a specimen of long bone (assumed homogeneous) 
having its cross-section represented by an isosceles triangle. In an attempt to develop a computer 
technique for the in vitro measurement of principal strains in the human tibia, Finlay et al. [25] 
considered its circumferential dimension to be different at different locations of the bone specimen; 
the geometrical model for the long bone developed in this study practically conforms to the shape 
of a truncated conical bar. Such a geometrical model was utilized by Von Maltzahn [33] to study 
the mechanics of the wall of the carotid sinus. The nonisotropic behaviour of osseous tissues was 
established by Lang [34], Yoon and Katz [35] as well as by Lipson and Katz [36]. The material 
damping behaviour of osseous material was ascertained by Sedlin [37], McElhaney [38], Lakes et 
al. [39] and also by Gottesman and Hashin [40]. Moreover, the nonhomogeneous character of bone 
tissues was studied by Nowinski [41], Carter et al. [42] and Stone et al. [43]. 
In the present paper, a mathematical model for the human tibia is developed, by using the three 
abovementioned xperimentally established principal properties (viz. material damping, non- 
homogeneity and nonisotropy) ofosseous tissues, with an aim to study its vibration characteristics. 
In the model, the finiteness of the bone specimen as well as the nonuniformity of its cross-section 
has been duly accounted for. The frequency spectra nd damping coefficients are estimated for free 
as well as clamped vibrations of a given specimen of tibial bone, by using the available xperimental 
data for the nonisotropic relaxation functions of osseous material. Another model, viz. the linear 
standard solid model, is also employed to evaluate the vibration parameters. The results predicted 
on the basis of the model developed in the paper, are compared with the corresponding values 
estimated earlier by using a finite element analysis. 
2. GEOMETRICAL MODEL 
The end faces AB and A'B' (cf. Fig. 1) of the tibia ABB'A' may be considered as the parts of 
the spherical surfaces with radii ri = 0A' = 0B' and r 0 = 0A = 0B, having their common centre at 
0. AA' = BB' = l is the length of the bone specimen. If/~2 is the ratio between the areas of the 





















I /  
Fig. 1. A human tibia of finite length and nonuniform cross-section, modelled as a truncated conical bar. 
cross-section AB and A'B', we have 
It may be shown that 
ro/r, = 8. 
l lfl 
r ,= fl _ 1 and r0 = f l -~-  l ' (1) 
where l, the length of the bone specimen, is given by 
l=ro - - r  I . 
If the cross-sectional reas of the truncated conical bone structure at the end faces are known, the 
values of r0 and ri may be easily determined. It is assumed that the variation of the cross-section 
of the given bone specimen is uniform from one end to the other. 
3. BASIC RELATIONS 
In this geometrical model, the radial direction passing through the central point of any of the 
cross-section, is assumed to lie on the bone-axis. We assume that the material properties are 
isotropic in planes perpendicular to the radial direction (i.e. along the bone-axis). It is further 
assumed that the semi-vertical ngle of the conical bone specimen, is very small. In this case, the 
constitutive relations, connecting the six stress-components Too, T , , ,  T,,, T,,, T,o and T,0 with six 
strain-components eoo, e**, er,, e,r , e,o and e,o may be taken in the form 
Too = c°l (D )eoo + c°t2(D )e¢,, + c°3(D )e,,, 
T** = c°2(D )eoo + c °, (O )e¢,, + c°3(O )er,, 
Trr = c°3(D )eoo + c°3(O )e¢,, + c°3(D )e,r, 
1 0 To, = ~[C ll (D ) -- c o 2 (D )]eo,, 
T,~ = c°  (D )e¢, 
and 
To~ = c°  (D )eo,, (2) 
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in the spherical polar co-ordinate system (r, 0, 4') with the apex of the bone specimen (cf. Fig. 1) 
as the origin, c°(D) are the anisotropic viscoelastic relaxation operators, D =- O/St being the partial 
differential time-operator. 
In order to determine the possible ffects of axial bone-inhomogeneity on the vibration spectra, 
the following relations [41, 42] are used: 
c°(D) = cij(D )r p (3) 
and 
pO = prP+~, (4) 
in which p is a parametric constant, cu(D ) are some operators representing the material damping 
behaviour of the inhomogeneous bone medium; they are identical to the viscoelastic relaxation 
functions, when the material parameter p is zero. p0 is the apparent density of  bone tissues, i.e., 
the mass per unit vo lume excluding voids and c¢ is a parameter which is used to describe the material 
inhomogeneity; p is a constant which is equal to the apparent density when ~ = p = 0. 
For the lengthwise vibration of the bone specimen under consideration, the strain-displacement 
relations may be listed as 
U 0U 
eoo= e~,¢, = r '  err = 0~- and e,o = e,, = ero = 0, (5) 
in which U = U(r, t) is the radial displacement which is taken to be independent of 0 and 4'. 
4. FORMULATION OF THE PROBLEM 
The lengthwise vibration of the bone specimen may be defined as 
U(r, t) = u(r)e i~°', (6) 
in which the radial displacement U(r, t) is supposed to be the product of an r-dependent function 
u(r) and a simple harmonic function of time t, viz. e i~`, co being the circular frequency. Using 
relations (5) in equation (2), we obtain 
Too = T** = [c°, (D) + c°2(D)] U + c°3(D)O--z U (7) 
r o r  
and 
rrr  = 2c°3(D) U + c°s(D )~--~ -U. (8) 
r o r  
For the problem under consideration, there is only one nontrivial equation of motion and it reads 
OTr, 2 
0-7 + -r (Trr - -  Too) = pO U. (9) 




c~2u p + 2 c~u /' k2 ,2"~ U 
7r2-t - + ~, - = r ~r r---=i~-~ m )P  0 (10) 
m': - (1  @p)c l3Wc l2Wcl l  ]. ( l lb) 
C33 
In the above-written expressions, c js are functions of ico. Substituting 
2k 
u =vr -°+p)/2 and z = 2r~+2)/2 (12a, b) 
k 2 = p(.02/c33 (1 la) 
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in equation (10), we obtain 
with 
( m2) 02v 10v __~ 





(i) Free vibrations 
The frequency equation governing the free vibration of the tibia will now be derived, by assuming 
that both the end faces are traction-free, i.e. 
T,r=0, on r=ro and r=r i .  (15) 
Now employing the relations (14), (6) and (8) in equation (15), one obtains 
A[J'.(z,) + M,J.(z,)] + B[Y~,(z) + Mt Y.(z,)l = 0 
A[Jm(z0) + MoJm(zo)] + B[Y~,(z) + Mo Ym(zo)] = O, 
Zd = 2k r (a + 2)/2 
c t+2 d 
Md = kc33rtd~+:)/2 (d = 0, i), (16a) 
the prime over a function being used to denote differentiation with respect o its argument. The 
condition that the equations (16) may have a nontrivial solution is given by 
[J~,(z,) + M, Jm(z,)] [(Ym(z0) + Mo Y,(Z0)] = [J~,(z0) + MoJm(zo)l[Y'm(Z,) + M, Y,(z,)]. (17) 
This gives the frequency equation for the free-vibration problem under our present consideration. 
(ii) Clamped vibration 
In this case. the bone specimen is supposed to be clamped at the ends, so that 
U(r,t )=O on r=r ,  and r=ro .  (18) 
It follows from relations (6), (14) and (18) that 
AJm(z;) + B rm(Z,) = 0 
and 
AJ,(z0) + a Y.(z0) = 0. (19) 
This pair of equations can have a nontrivial solution only if 
Jm(Z,) Y,(Zo) -- Jm(zo) Y,(z,) = 0. (20) 
This represents the frequency equation for the clamped vibration problem. 
(16) 
m2 = 4m '2 + (1 +p)2 (13a) 
(0t + 2) 2 
The solution of the equation (13) is obtained as 
u = r-tp+ i)/2 [AJ. (z) + BY.(z)], (14) 
in which J . (z)  and Y.(Z) are Bessel functions of the first and second kinds, respectively, each of 
order m, and A and B are arbitrary constants of integration. 
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6. SOLUTION OF THE FREQUENCY EQUATIONS 
For a specimen of adult human tibia, the average values of l and fl are around 40 and 1.2 cms, 
respectively. For these data, the value of r~, as calculated by using relation (1), is 200 cms. Such 
a large value of r~ makes the arguments of the Bessel functions in equation (17) sufficiently large, 
so that the following approximate expressions [44] for these functions having large arguments may 
be used in the frequency equation (17): 
( mrr 4 )  arm (z) = cos z 2 
and 
~z  ( mrr 4 )  Ym(z) = 2 sin z 2 " (21) 
Using the above-written expressions, together with the appropriate recurrence relations for Bessel 
functions in equation (17), we obtain 
(m + 0e ') (2 - 1)z 
tan(2 - 1)z = 2z 2 + (m + ~,)2 , (22) 
in which 
and 
( +') 2 2C12 P 
or' = zoM o = ziMi = f - -  c33 
C33 (0~ + 2) 
(23) 
2 = Zo/Z (zi being replaced by z). 
For given values of 2, m and ~', the solution of equation (22) can be determined fairly accurately, 
by using some appropriate technique, like the graphical method. 
Solution of the equation (20) is given by 
with 
where 
+p ~3+ +""  
s~ /.t -- 1 (/a -- 1)(g --25)(23- 1) 
/3 2 - -1 '  p 82 and q= 6(42)3(2-1) ' 
/ J=4ml  and  s=1,2 ,3  . . . . .  
(24) 
7. VISCOELASTIC MODEL 
In order to determine the vibration parameters for the bone specimen from the frequency 
equation, an accurate knowledge of the form of the viscoelastic relaxation operators co(D) is very 
much essential. Since the time-dependence of the displacement function is considered to be simple 
harmonic in nature, co(D ) may be replaced by cu(ito), (i = ~ 1 ). On the basis of an experimental 
study of the variation of relaxation functions with frequency, Lakes et al. [39] proclaimed that these 
functions are almost independent of frequency in the high frequency range and that the Ioss-tengent 
is nearly equal to 0.01. Hence one can write 
co(ico ) =_ Co(1 + 0.01 i). (25) 
(c 0 are the same as the elastic moduli, when ~ and p are equal to zero.) 
Recently, the viscoelastic properties of the trabecular bone of the intervertebral disc have been 
considered in the studies of Burns and Kaleps [45] and also of Furlong and Palazotto [46]. The 
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idea of the standard linear solid has been invoked in their studies to derive the constitutive relations 
for bone material considered to be isotropic. Generalizing this model in order to account for the 
anisotropy of bone tissues, we can write 
(1 + T,D)~ 
ca(D) =- ca -0 + T~D)]' 
so that 
1 + ie~Tl ~ 
%(io9) =- c a i +---~'~wT2]" (26) 
in which c a, T~ and/'2 are material parameters (ca being the same as the elastic moduli, when the 
parameters T~, 1"2 and p are equal to zero). 
8. NUMERICAL  ILLUSTRATION 
For the computational work, let us take fl = ro/r~ = 1.2 and I = 0.4 m, so that r~ = 2.0 m. For the 
endosteal surface, we have further used the following data: p =2000kg/m 3, and cH =2.38, 
Ca3 = 3.34, c~a = 1.2 and c~2 = 1.02 (all in 10 I° N/m 2) [34]. The average value of~ is taken to be 0.394 
[43] and p = 0, - l [41]. 
Now using relations (25) or (26), 1 l(b) and 13(a), the order of the Bessel functions, m can be 
determined from the above values of %. It is found that 
m=1.252 for p=0 and ct=0,  
m=1.427 for p=- l  and ~t=0 
and 
m=1.192 for p=- I  and ~=0.394.  
Similarly the numerical values of ). and • are calculated from condition (23) for different pairs of 
values of ct and p. With these values of m, ~t and 2, the values of z = z~ = kr~ =+2)/2 are found for 
the first three modes of vibration, which in turn are used to determine the values of k for different 
modes of vibration. Again we have 
2 
k2= P O72 _ PO ('0 _= 
C33(i6_D ) - -  ~ r i  . 
Now using relation (25) in the expressions for k 2, we can calculate co, the real part (oJ') of which 
represents the frequency, while the imaginary part (o~") stands for the damping coefficient. 
After calculating the frequencies and damping coefficients for free vibration, the values of z are 
computed from relation (24). A similar procedure has been followed to obtain the frequencies and 
Table 1. Frequencies (co') and damping coefficients (oJ ") of the bone 
specimen for free length-wise vibration (in 104 tad/s) in the first 
three modes 
First mode Second mode Third mode 
w'A 0.8365509 1.6804689 2.4255683 
~'A  0.0515307 0.1035153 0.1552264 
I ~'B 3.1948154 6.4117766 9.6237631 
~'B  0.015974 0.0320588 0.0481188 
to'A 0.8346179 !.6779341 2.5193174 
to'A 0.0514117 0.1033592 0.1551876 
II to'B 3.1874332 6.4080856 9.6213559 
to"B 0.015932 0.0320404 0.0481067 
to'A 0.8177124 1.6457485 2.471451 
to"A 0.0503703 0.1013766 0.1522391 
III tu'B 3.1228707 6.2851676 9.4385527 
co'B 0.0156143 0.0314258 0.0471927 
A: Standard linear solid bone model. 
B: Viscoelastic model with loss tangent 6 ffi 0.01. 
I: Homogeneous case, with p = 0 and = = 0. 
II: Nonhomogeneous case, with p = - I and = = 0. 
IIl: Nonhomogeneous case, with p ffi - 1 and ~t = 0.394. 
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Table 2. Frequencies (oJ') and damping coefficients (to") of the bone 
specimen for clamped length-wise vibration (in 10 4 rad/s) 
First mode Second mode Third Mode 
III 
~ 'A  0.8422866 1.6817685 2.5218736 
~"A 0.051884 0.1035954 0.1553451 
~'B  3.2162202 6.422729 9.6311181 
~"B 0.0160836 0.0321136 0.0481555 
~'A  0.8429513 1.6821009 2.5220953 
~"A 0.051966 0.1036158 0.1553587 
~'B  3.2217998 6.4239985 9.6319646 
~"B 0.0161089 0.0321199 0.0481598 
~'A  0.8267137 1.6503162 2.474499 
~"A 0.0509371 0.1016579 0.1524268 
~'B  3.1580106 6.3026116 9.4501928 
w"B 0.01579 0.031513 0.0472509 
damping coefficients for different modes of the clamped vibration. The entire procedure is repeated 
by using relation (26) in the expressions for k 2 and the values of frequencies and damping 
coefficients are determined both for free and clamped vibrations. The results are presented above 
in Tables 1 and 2. In using relation (26), the following values of the time parameters T~ and T2 
of linear standard solid model, have been taken [45]: 
Tj = 10 4 S and T 2 = 5 × 10 4 S. 
9. DISCUSSION OF THE COMPUTED RESULTS AND CONCLUDING REMARKS 
It appears from the tables that the choice of a viscoelastic model and the values of the material 
parameters are very important in a vibration problem such as the one considered in the present 
paper, so far as the determination f the frequencies of vibration is concerned. In particular, the 
computed frequency values for the model "B" are appreciably higher than those calculated for the 
model "A" for both free and clamped vibrations. However, the damping coefficients for model "B" 
are smaller than those for model "A". The results for the clamped vibration do not appreciably 
differ from those for the corresponding free vibration case. It may also be noted that the difference 
between the values of the frequencies as well as the damping coefficients for the nonhomogeneous 
case with ~ = 0 and the homogeneous case is not very significant. The difference increases to some 
extent when the other type of nonhomogeneity (~t= 0.394) is considered. 
The model "B" considers bone as slightly viscoelastic, as the value of the loss tangent has been 
taken such that the difference between the values of the relaxation functions in the elastic and 
viscoelastic ases is only 1%. The value of Young's modulus along the longitudinal direction, used 
in the computational work of the present study is nearly 2.6 x l& MPa (corresponding to 
3.34 x 10 t° N/m 2) on the basis of the experimental data put forward by Lang [34]. In the finite 
element study of a similar problem, made by Hight et al. [23] who treated bone as an isotropic 
medium, the value of Young's modulus of bone was taken in the range (1.93 + 0.34) x 104 MPa. 
Also the values of the geometrical parameters assumed by them, were presumably different from 
the ones considered in the present study. Because of these variations, while the natural frequency 
for the first longitudinal mode computed on the basis of the model "B" in the present study is about 
5000 Hz, the corresponding frequency value computed by Hight et al. [23] is 2733 Hz. Again, the 
frequency found to be 5800 Hz by Collier et al. [32] from their analytical study of the longitudinal 
vibration of human tibia, where the cross-section was assumed to have the shape of an isosceles 
triangle. Thus although the frequency predicted from the present study is in good agreement with 
that of Collier et aL [32], the values computed by Hight et al. [23] is about 45% less. This difference 
may be attributed to be due to difference in the input data for the values of the physical as well 
as the geometrical parameters, as indicated earlier. It is worthwhile to mention here that the 
computed frequency value is strongly dependent on the controlling physical parameters a  well as 
the boundary conditions [14]. An additional computation with a smaller value of the Young's 
modulus reveals that the difference between the frequency obtained from the present study and the 
results computed by Hight et al. [23] decreases. 
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Such an agreement is also expected even for model "A" proposed in the present paper, if the 
relaxation times TI and 1"2 are varied over a range, as is usually done in a finite element study such 
as the one made by Burns and Kaleps [45]. In doing so, it is possible to obtain a pair of values 
for 7'1 and T2 that yield the expected frequency. Sedlin [37] seems to be the first to propose the 
standard linear solid model for bone (on the basis of an experimental study), in which the material 
parameters can be correctly determined by way of comparing the analytical results with 
experimental data. 
It may be asserted here that in any attempt towards the evaluation of the mechanical properties 
of human bones in vivo by mechanical vibration analysis, some essential requirements must be met. 
A quantitative relation between measured frequencies of vibration and mechanical properties of 
bone must be available, in vivo vibration modes have to be identified accurately, the associated 
natural frequencies are to be determined correctly and reproducibly. An a priori knowledge about 
the influence of joints and soft tissues is also quite essential. The model parameters of in vivo tibiae 
were evaluated by Vander Perre et al. [26] from frequency response measurements in eight points 
along the antero-medial surface of the tibia. Measurements were made on the tibia hanging hanging 
loose with a knee angle of ___ 90 °. The influence of the in vivo medium on the vibration behaviour 
of the human tibia for an amputed underleg was also studied by them. For this purpose, a 
systematic dissection was made on an above-the-knee amputed underleg. The specimen was 
mounted with a knee angle of 90 ° and loosely hanging underleg, in order to simulate the in vivo 
measuring conditions. By imparting hammer excitation on the ankle and putting an accelerometer 
in a row of eight points, the natural frequencies, mode shapes and damping were investigated in
the following conditions: 
(i) intact specimen, accelerometer hold by hand; 
(ii) skin removed from the medial face of the tibia, accelerometer fixed using strain 
gauge glue; 
(iii) all muscles removed, but joint muscles of knee and ankle intact; 
(iv) foot and ankle joint removed; 
(v) tibia and fibula with tibiofibular membrane, with knee joint removed 
and 
(vi) free tibia. 
However, since their considerations were altogether different from those of the present study, 
sizeable differences are observed between the frequency values observed by them and those 
computed on the basis of the present study. 
It is well-established that bones are an inhomogeneous media, but in the existing literature, there 
is no available model which might possess the potential to describe bone inhomogeneity properly. 
Nowinski [41] proposed a power law variation of density and elastic moduli with radial distance 
from the bone-axis, in which density is supposed to be linearly related with elastic moduli. However, 
Carter et al. [42] experimentally determined the nonlinear variation of the compressive strength of 
the bone medium with its apparent density. It follows from the observations of the present study, 
that the bone inhomogeneity associated with nonlinear variation of elastic moduli with density (i.e. 
~ 0) has significant influence on the vibration characteristics, rather than the one associated with 
linear variation (~ = 0). 
To conclude, it may be remarked that although in finite element modelling, it is possible to take 
account of a more accurate description of the irregular geometry of the tibia and other factors like 
bone marrow in the case of a living bone, the strong merit of the exact solution such as the one 
achieved in this paper is that it serves as an analytical check for finite element models on the 
soundness of their numerical programme. 
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